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ne Indefinite Integral

ne Definite Integral

ne Fundamental Theorem of Calculus

Application of Integration : Area between two
curves




The Indefinite Integral w

e

e Definition : A function F(x) is called an antiderivative
of a function f(x) if the derivative of F(x) is f(X) or F
‘(x) = f(x)

e Examples:
1. F(x)=x%+3 2 f(x) = 2x
2. F(x)= x*=10 =2 f(x) = 2x
3. F(x)=x%+ 15 = f(x) = 2x

* If F ‘(x) = f(x) then the functions of the form F(x) + C

are antiderivative of f(x)

* The process for finding antiderivative is called
antidifferentiation or integration.

* Notation: jf(x)dx =F(x)+C




Integration Formula o
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Problems v
e
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The Properties of Indefinite Integral Tu

1) [ cf(x)dx =c| f(x) dx
2) [ [f(x)+g(x)]dx = [ f(x)dx + [ g(x) dx

Examples :
1.jx2(x +1)dx
2.[Vx(x~1)?dx

2 .
3.-‘-X 5|nx+\/;dx

X2




Integration by Substitution o

e
e Let y = (fog)(x). The derivative of y with respect
toxisy ‘= (fog)'(x) =1 ‘(g(x)) g’(x) [ The Chain
rule]

* |f u=g(x)then the formula of integration is

jf(u)u dx = jf(u)—dx jf(u)du =F(u)+C=F(g(x))+C
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1)J'2xxlx2 +1 dx 6) [ (1—2x)° dx

2):cos(1—x2)xdx ol Sin 2x dx

x+1 ' (5+c052x)3
dx

. \/X2+2X—1 8)]'

2
X dx
2xdx ‘\/X3+1

5):cosx sin? x dx 9)Jsm(2%)dx
X

3)

4) [ sinx cos

1O)jx2 sec? (x3 )dx



Problem : The Definite Integral w

* How to find the area of a region D bounded
below by the x-axis, on the sides by the lines x = a
and x = b, and above by a curve y = f(x), where
f(x) is continuous on [a,b] and f(x) = O for all x in

(a,b)
* D={(xy) |
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Steps : The Definite Integral o
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1. Divide [a,b] into n subintervals by choosing points x1,
X2, ..., Xxn such thata<xl <x2<..<xn<b. These
points are said to form a partition of [a,b]. Let Ax1,
Ax2, ..., Axn are the length of the partition.

2. Choose the any point x1,x2,...,xn in subinterval and
we have a Riemann sum :

N
f(x1) AXT + f(x2) AX2 + ... + f(xn) Axn = 2 f(Xk)Axk

k=1
3. Increase n ( n = o) in such a way the length of the

partition approaches zero (Axk = 0) and form the
limit

n n
lim > f(x)Axk = lim " f(xk)Axk
Axk—0p N—>0) 1



lllustration : The Definite Integral o
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Y | y = f(x)
// _______ i Wﬁk
7 a; ' X:
b




Movie : The Definite Integral o

Rieman b.exe poligon.exe
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Definition : The Definite Integral w
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* If a function f(x) is defined on [a,b], then the Definite
Integral of f(x) from a to b is defined to be (provided the
limit exits)

b
[f(x)dx="lim if(ﬂ()AXk: lim if(l(k)AXk

3 Axk—0 1 N—>0 1

* If the limit exits then the function f(x) is said integrable
on [a,b]

 The values a and b are called respectively lower and
upper limits of integration and f(x) is called the
Integrand.




The First Fundamental Theorem -
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* |f f(x) is continuous on [a,b] and F(x) is
antiderivative of f(x) on [a,b] then

b b
[f(x)dx =F(x) _=F(b)—F(a)
5 d

Examples :

2
(@) [xdx

1
7
(2)fcosxdx
0



The Properties of Definite Integral o
ey
b b b
@ [ [P f(x)+ag(x)]dx =p [ f(x)dx +af g(x)dx
a a a

d
(2) [ f(x)dx =0

a

b a
(3) [ f(x)dx = —[ f(x)dx
a b

b C b
(4) [ f(x)dx = [ f(x)dx + [ f(x)dx

a a C

g(b)
(5) I (fog)x)g'(x)dx = [ f(u)du
a g(a)
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(1) ] dx (6) [/2+|x| dx
1X 1
9 2
(Z)IZX\&dX (7) [ 8—x° dx
4 -1
4 - 3
(3)!{%—5\/;—x %}dx (8)[ X+2 dx
1EVX LVX2 +4x+7
%2 o 7
(4)1( 5 +tjdt 9) | Jtant sec? tdt
% sin~ t 0
2 T
(5)ﬂ2x—3\dx (lO)fl cos 2t dt
0 0 V7 —3sin2t



The Second Fundamental Theorem TU

e Let f(x) is continuous on open interval  and a € I.
If G(x) is defined by
X

G(x) = [ f(t)dt

d

Then G’(x) = f(x) at each point x in interval |
v(x)

Gix)= [fldt <  G'(x)=F(v(x))v'(x)—F(u(x))u'(x)

u(x)



Problems -
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X
()G(x) = j V3t% +1dt - G'(2)andG"(2)

(2)H(x) = j 05T dt—>H'(0)andH"(0)
Ot +3

(3)F(x) = j t[—o0<x<oo]
Ot +7

(a)find x where F(x)attains its minimumvalue
(b)find open interval which F(x) is onlyincreasing
X3 5
(4)F(x)= [sin” tdt—F'(x)andF"(x)

X



Area of Region (1) o

ey
* Let Disregion that bounded below by the x-axis,
on the sides by the linesx=aand x=b, and
above by a curve y = f(x), where f(x) is continuous
on [a,b] and f(x) = 0 for all x in (a,b) or D ={ (x,y) |
as<x<b,0<y<Af(x)}

* Then the area of Dliis
A:jf(x)dx

d




Area of Region (2) o
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* Let Disregion that bounded below by the x-axis,
on the sides by the linesx=aand x=b, and
above by a curve y = f(x), where f(x) is continuous

on [a,b] and f(x) <0 for all x in (a,b) or D ={ (x,y) |
as<x<b, f(x) £y<0}

e Then the areaof Dis

b
A= —j f(x)dx

d



Example # 1 o

* Find the area of region that bounded by the
curve y = sin X, x-axis, and on the sides by the
lines x =0 and x = 3m/2




Area of Region (3) o

eean
* Let Disregion that bounded below by the line vy
= ¢, on the sides by the y-axis and a curve x =
g(y), and above by the liney =d, where g(y) is
continuous on [c,d] and g(y) =0 for all y in (c,d) or
D={(xy) | 0<x<gly),csy<d}

e Then the areaof Dis
d

A= [gly)dy
C



Area of Region (4) o

oo
* Let Disregion that bounded below by the line vy
= ¢, on the sides by the y-axis and a curve x =
g(y), and above by the liney =d, where g(y) is
continuous on [c,d] and g(y) <0 for all yin (c,d) or
D={(xy) | gly)£x<0,c<sy<d}
* Then the areaof Dis
d

A=—[g(y)dy
C



|
Example # 2 o

* Find the area of region that bounded by g(y) =
y3 —2y? -3y, y-axis and on the sides by the
linesy=-1andy=4.

— -

— o

N

-1 -1/3 3
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Area between two curves (1) o

ey
* Let Disregion that bounded below by a curvey =
g(x), on the sides by the linesx=aand x=b, and
above by a curve y = f(x), where g(x) and f(x) are
continuous on [a,b]or D={(x,y) | a<x<Db, g(x) <
y < f(x) }
* Then the areaof Dis

b
A= [[f(x)—g(x)]dx

d
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Area between two curves (2) o

eean

* Let Disregion that bounded below by the line vy
= c, on the sides by a curve x = g(y) and a curve x

= f(y), and above by the liney = d, where g(y) and

f(y) are continuous on [c,d] and f(y) = g(y) for all y
in (c,d) orD=1{(xy) | gly) sx<fly),csys<d}

e Then the areaof Dis

d
A= [[f(y)—gly)]dy

C
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1. Find the area of the region enclosed by the
curves y = x2 and y = 4x by integrating
a) With respect to x
b) With respecttoy

2. Sketch the region enclosed by the curves and
find its area by any method
a) y=x*+4andx+y=6
b) y=x3,y=-xandy=38



Problems -

Sketch the region and find its area by any methods
1. y=x3-4x,y=0,x=0,x=2

. X=y?’—4y, x=0,y=0,y=4

. X2=y, x=y—2

. V2=-X,y=x—-6,y=-1,y=4

o B~ W N

Ly =xX3=2x%,y=2x*-3x,x=0,x=3
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Menghitung volume benda putar

Metoda Cakram

a. Daerah D = {(X, y) | as<x<b,0< y < f (x)} diputar terhadap sumbu x

F 3

f(>)

<5

-

a b

¥

Daerah D

Benda putar

29
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Untuk menghitung volume benda putar gunakan pendekatan
Iris , hampiri, jJumlahkan dan ambil limitnya.

f(X)

a

f(x)

Jika irisan berbentuk persegi panjang
dengan tinggi f(x) dan alas Axdiputar
terhadap sumbu x akan diperoleh suatu
cakram lingkaran dengan tebal Ax dan

jari-jari f(x).
sehingga

AV = 7 2 (X) Ax

b
V =z f2(x)dx

30
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Contoh: Tentukan volume benda putar yang terjadi jika niversity
daerah D yang dibatasi oleh y = X% sumbu x, dan

garis x=2 diputar terhadap sumbu x

Jika irisan diputar terhadap sumbu x
akan diperoleh cakram dengan jari-jari
x2dan tebal  Ax

Sehingga
O~ AV ~ 71 (X?)? AX = 7 X" AX

v Volume benda putar

32

V = njx“dx_gx o= =

31
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b. Daerah D={(x,y)|cgy£d ,O£x£g(y)}

diputar terhadap sumbu y

A&
"

A
v

¥ v

Daerah D Benda putar




w

Telkom

University

Untuk menghitung volume benda putar gunakan pendekatan
Iris , hampiri, jJumlahkan dan ambil limitnya.

Jika irisan berbentuk persegi panjang

N dengan tinggi g(y) dan alas Aydiputar
q terhadap sumbu y akan diperoleh suatu
cakram lingkaran dengan tebal Ay dan
Ay x=g(y) Jari-jari g(y).
D sehingga
C
< > AV = 7T g 2 (y) Ay

d
V =r[g°(y)dy
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Contoh : Tentukan volume benda putar yang terjadi jika
daerah yang dibatasi oleh y = xgaris y = 4, dan sumbu y
diputar terhadap sumbu y

Jika irisan dengan tinggi ./y dan tebal Ay
4T diputar terhadap sumbu y akan diperoleh
cakram dengan jari-jari .y dantebal Ay

ﬁ y=x' & X=4y Sehingga
AV =7(\[y)’ Ay =y Ay

S Volume benda putar

3
L J
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a. Daerah D={(x,y)|a<x<b, g(x)<y<h(x)}

diputar terhadap sumbu x
s h(x)
D
g(x)
. 0,
a b v
Daerah D '

Benda putar
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Iris , hampiri, jumlahkan dan ambil limitnya.

4 h(x)

Jika irisan berbentuk persegi panjang

dengan tinggi h(x)-g(x) dan alas Axliputar
terhadap sumbu x akan diperoleh suatu
cincin dengan tebal Ax dan jari —jari luar h(x)
dan jari-jari dalam g(x).

A

v

sehingga

AV =~ (h?(x) — g*(X))AX

!

V =z (h*(x) - g* (x)dx

h(x)

a(x)
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Contoh: Tentukan volume benda putar yang terjadi jika 'Egilv'ggi'g;
daerah D yang dibatasi oleh y = x?, sumbu X, dan
garis x=2 diputar terhadap garis y=-1

A

Jika irisan diputar terhadap garis y=1
Akan diperoleh suatu cincin dengan
Jari-jari dalam 1 dan jari-jari luar 1+ x2

Sehingga

AV = z((x* +1)* —1°)AX
= (X" +2x* +1-1)Ax

y=-1 = (X" + 2x*) AX

A

A

Volume benda putar :

2
\Y; =7Z'jX4 +2x°dx=72(EX° +2X° 0) = (8 +18) =Ly
0

37
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Diketahui D = {(x,y) |a<x<b,0<y< f(x)}
Jika D diputar terhadap sumbu y diperoleh benda putar

qL 00 —
T
D
) a b ]
Daerah D Benda putar

Volume benda putar ?
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Untuk menghitung volume benda putar gunakan pendekatan
Iris , hampiri, jumlahkan dan ambil limitnya.

Jika irisan berbentuk persegi panjang
@L@ f(x) dengan tinggi f(x) dan alas Axserta berjarak
X dari sumbu y diputar terhadap sumbu y
akan diperoleh suatu kulit tabung dengan
tinggi f(x), jari-jari X, dan tebal Ay

A

sehingga
AV = 27 x T (X) AX

f(X) 1

b
V =27 | xf (x)dx
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Contoh: Tentukan volume benda putar yang terjadi jika -Egilvggiﬂ

daerah D yang dibatasi oleh y=x*, sumbu X, dan
garis x=2 diputar terhadap sumbu y

s Jika irisan dengan tinggi X° tebal Ax
dan berjarak x dari sumbu y diputar terhadap
sumbu y akan diperoleh kulit tabung

dengan tinggi Xx°, tebal Axdan jari

jari x

Sehingga

A

[
»

AV =27 X X*AX = 27 X AX

! Volume benda putar

2
V = 2zjx3dx:%x4 °=8rx
0
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Catatan :

-Metoda cakram/cincin

Irisan dibuat tegak lurus terhadap sumbu putar

- Metoda kulit tabung
Irisan dibuat sejajar dengan sumbu putar

Jika daerah dan sumbu putarnya sama maka perhitungan dengan
menggunakan metoda cakram/cincin dan metoda kulit tabung akan
menghasilkan hasil yang sama

Contoh Tentukan benda putar yang terjadi jika daerah D yang dibatasi
Oleh parabola y = x3garis x = 2, dan sumbu x diputar terhadap

a. Garisy =4
b. Garisx =3
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a. Sumbu putary =4

(i) Metoda cincin

Jika irisan diputar terhadap garis y=4
akan diperoleh cincin dengan

Jari-jari dalam = r, = (4—x°)
Jari-jariluar= 1, =4
Sehingga
AV = 7((4)° — (4—Xx*)?)AX
= 7(8x* — X*)AX

3
L J

¥

Volume benda putar

5 15

2
V =7zj(8x2 —xMdx = 7(Ex® -1 x5) 2= m(8—2) = 24y
0
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(i) Metoda kulit tabung
- 5 Jika irisan diputar terhadap garis y=4
y=4 akan diperoleh kulit tabung dengan
4-y .
; Jarl-jari=r= 4-y
Tinggi=h= 2-yy
Tebal= Ay
) 5 " Sehingga
AV ~ 27(4— y)(2-+[y)Ay
=278~ 4y —2y +Yy,/Y)Ay
Volume benda putar
4
V=2z[@8-4Jy -2y +yy)dy =278y -8y —y? +2y¥)i=22 7
0
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b. Sumbu putar x=3

(i) Metoda cincin
Jika irisan diputar terhadap garis x=3
diperoleh cincin dengan
Jari-jaridalam = r; =1
Jari-jari luar = 1, =3-./y
Sehingga
AV = 72((3-+/y)? - ()?)Ay

=7(8— 6\/9 +Y)Ay

3

¥

Volume benda putar

4
V=rz[@-6Jy+y)dy =r@®y-4y*’*+8[})=8x
0
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(i) Metoda kulit tabung

Jika irisan diputar terhadap garis x=3
diperoleh kulit tabung dengan

Tinggi=h=x?

Jari-jari=r= 3-X

Tebal = AX
— > Sehingga

‘ . AV = 27(3— X)X*AX
= 27 (3x* — x*)Ax

Volume benda putar

2
V =27[(3x* = x°)dx =27(x* —1x*) [}=27(8-4) =8x
0



Soal Latihan -

T
Hitung volume benda putar dari daerah yang
terletak di kuadran pertama yang dibatasi oleh y? =

x3 , garisy = 8 dan sumbu Y, bila diputar
mengelilingi

1. SumbuY

N

. Sumbu X
3. Garisx=4
Garisy=8

>
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